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In this paper, we give a reduction theorem for the number of solutions of any
diagonal equation over a finite field. Using this reduction theorem and the theory
of quadratic equations over a finite field, we also get an explicit formula for the
number of solutions of a diagonal equation over a finite field, under a certain natural
restriction on the exponents.  1996 Academic Press, Inc.
Let Fq be the finite field of q elements with ch Fq 5 p, 2 u\ p, and ci (i 5
1, . . . , n) be nonzero elements of Fq. Suppose that di divides q 2 1 for
all i. Let N(d1, . . . , dn) be the number of solutions (x1, . . . , xn) [
F (n)q of the diagonal equation
c1xd11 1 c2xd22 1 ? ? ? 1 cnxdnn 5 0. (1)
Weil [1] and Hua and Vandiver [2] proved independently that
uN(d1, . . . , dn) 2 qn21u # I(d1, . . . , dn)(q 2 1)q(n22)/2, (2)
where I(d1, . . . , dn) is the number of solutions of the equation
y1
d1
1 ? ? ? 1
yn
dn
; 0 (mod 1), 1 # yi # di 2 1, i 5 1, . . . , n. (3)
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Thus I(d1, . . . , dn) and its corresponding solutions (y1, . . . , yn) play
an important role in studying diagonal equations over a finite field. It is a
central problem to give an explicit formula over N(d1, . . . , dn). An inter-
esting case of this is the following: for which n-tuples (d1, . . . , dn) will
I(d1, . . . , dn) 5 0? If I(d1, . . . , dn) 5 0, then (2) implies an explicit
formula: N(d1, . . . , dn) 5 qn21. Joly [3] gave some sufficient conditions
for I(d1, . . . , dn) 5 0. In 1987, Sun Qi and Daqing Wan [4] obtained the
necessary and sufficient conditions for I(d1, . . . , dn) 5 0 and thus answered
this problem completely. Recently, they [5] gave a reduction theorem on
I(d1, . . . , dn),
I(d1, . . . , dn) 5 I(u1, . . . , un), (4)
where ui is the largest common divisor of di and d1 ? ? ? di21di11 ? ? ? dn,
i.e., ui 5 (di, d1 ? ? ? dn/di), i 5 1, . . . , n, and obtained the necessary and
sufficient conditions for I(u1, . . . , un) 5 1.
In this paper, we give a reduction theorem N(d1, . . . , dn) for any n-
tuples (d1, . . . , dn). Using this reduction theorem and the theory of
quadratic equations over a finite field, we also get an explicit formula for
the number of solutions of a diagonal equation over a finite field, under a
certain natural restriction on the exponents.
THEOREM 1. Let ui 5 (di, d1 . . . dn/di), i 5 1, . . . , n and let N(u1,
. . . , un) denote the number of solutions (x1, . . . , xn) [ F (n)q of the equation
c1xu11 1 ? ? ? 1 cnxunn 5 0, (5)
where c1, . . . , cn are the same as the coefficients in diagonal equation (1).
Then we have
N(d1, . . . , dn) 5 N(u1, . . . , un). (6)
THEOREM 2. Let n . 1, and let di 5 2mi, i 5 1, 2, . . . n 2 1, dn 5
2tmn, t $ 0, such that m1, m2, . . . , mn are odd integers and (mi, mj) 5 1,
i ? j. Then we have
N(2m1, 2m2, . . . , 2mn21, 2tmn)
5 5
qn21 1 (q 2 1)q(n22)/2h((21)n/2c1 ? ? ? cn),
if 2 u n, t . 0;
qn21, if 2 u n, t 5 0, or 2 u\ n,
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where h(a) 5 ef ind a denotes the quadratic character of Fq, a [ F*q , F*q
denotes the multiplicative group of Fq; we also define h(0) 5 0.
COROLLARY. If I(d1, . . . , dn) 5 1, then
N(d1, . . . , dn) 5 qn21 1 (q 2 1)q(n22)/2h((21)n/2c1 ? ? ? cn),
where 2 u n.
Proof of Theorem 1. It is well known that N(d1, . . . , dn) is given by
the following formula (see [6]):
N(d1, . . . , dn) 5 qn21 1 O
x1,...,xn
x1(c211 )x2(c212 ) ? ? ? xn(c21n )J0(x1, . . . , xn).
(7)
The sum is over all n-tuples of characters x1, . . . , xn, where xdii 5 x0 and
xi ? x0 for i 5 1, . . . , n and x1 ? ? ? xn 5 x0, where x0 is the trivial
character of Fq. J0(x1, . . . , xn) is the Jacobi sum over Fq; that is,
J0(x1, . . . , xn) 5 O
a11???1an50, ai[Fq
x1(a1) ? ? ? xn(an).
It is well known that if we let xj (a) 5 e2fi ind a/dj, a [ F*q , then all multiplica-
tive characters of order dividing dj (except for the trivial multiplicative
character) are given by
xj(a) 5 e2fi ind a/dj, x2j (a) 5 e2fi2 ind a/dj, . . . , xdj21j (a) 5 e2fi(dj21)ind a/dj,
a [ F*q , j 5 1, . . . , n,
i.e.,
xyjj (a) 5 e
2fiyjind a/dj, yj 5 1, 2, . . . , dj 2 1, j 5 1, . . . , n.




2 (a) ? ? ? x
ynn (a) 5 e2fi(S
n
i51 yi/di)ind a 5 x0(a) 5 1, (8)
where 1 # yj # dj 2 1, j 5 1, . . . , n.
Obviously, (8) is true if and only if (3) has a solution, and any solution
(y1, . . . , yn) of (3) corresponds to an n-tuple (xy11 , . . . , x
ynn ) and this is
a one-to-one correspondence. So, (7) can be written as
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N(d1, . . . , dn) 5 qn21 1 O





? ? ? xynn (c21n )J0(xy11 , . . . , x
ynn ),
where
xj(a) 5 e2fi ind a/dj, a [ F*q , j 5 1, 2, . . . , n.
It follows from (9) that the number of solutions of diagonal equation (5) is




? ? ? lznn (c21n )J0(lz11 , . . . , lznn ),
where
lj(a) 5 e2fi ind a/uj, a [ F*q , j 5 1, . . . , n.
We have proved (4) in [5], and the solution (y1, . . . , yn) of (3) corresponds
to the solution (z1, . . . , zn) of the equation
z1
u1
1 ? ? ? 1
zn
un





(i 5 1, . . . , n),
and this is a one-to-one correspondence.
Therefore
xyjj (a) 5 e
2fiyjind a/dj 5 e2fizjind a/uj 5 lzjj (a), a [ F*q , j 5 1, . . . , n.
It is easy to see that (10) and (9) are the same; thus we obtain (6). This
completes the proof.
Proof of Theorem 2. From Theorem 1, we have
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n21  
N(2m1, . . . , 2mn21, 2tmn) 5 N(2, ? ? ? , 2, 2min(t,n21)).
Let N(a1x21 1 ? ? ? 1 anx2n 5 b) denote the number of solutions of
a1x21 1 ? ? ? 1 anx2n 5 b in F(n)q , where aj [ F*q , j 5 1, . . . , n, b [ Fq. It is
well known that (see [7])
N(a1x21 1 ? ? ? 1 anx2n 5 b)
5Hqn21 1 v(b)q(n22)/2h((21)n/2a1 ? ? ? an), if 2 u n,
qn21 1 q(n21)/2h((21)(n21)/2a1 ? ? ? anb), if 2 u\ n,
where v(b) 5 21, for b [ F*q and v(0) 5 q 2 1.
If 2 u n, then
n21  
N(2, . . . , 2, 2min(t,n21))
5 O
xn[Fq
(qn22 1 q(n22)/2h((21)(n22)/2c1 ? ? ? cn21(2cnx2
min(t,n21)
n ))





5Hqn21 1 (q 2 1)q(n22)/2h((21)n/2c1 ? ? ? cn), if t . 0,
qn21, if t 5 0.
If 2 u\ n, then
n21  





n )q(n23)/2h((21)(n21)/2c1 ? ? ? cn21))






This completes the proof.
Proof of Corollary. We shall prove the following conditions are equiva-
lent to one another
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(1) I(d1, . . . , dn) 5 1;
(2) n is even, and except for uj 5 2k (0 , k # n 2 1) for some j,
ui 5 2, i ? j, 1 # i # n;
(3) n is even, and except for dj 5 2tmj (t . 0) for some j, di 5 2mi,
i ? j, 1 # i # n, where m1, . . . , mn are odd integers and pairwise
relatively prime.
The equivalence of (1) and (2) has been proved in [5]. If (3) is true, then
except for some j,
uj 5 (dj, d1 ? ? ? dn/dj) 5 (2tmj, 2n21m1 ? ? ? mn/mj)
5 (2t, 2n21) 5 2min(t,n21) 5 2k, 1 # k # n 2 1,
and
ui 5 (2mi, 2n221tm1 ? ? ? mn/mi) 5 2, i ? j, 1 # i # n.
Thus (3) implies (2)
Now assume that (2) is true; let di 5 2limi, li $ 1, mi be odd integers,
i 5 1, 2, . . . , n. Since there are no odd prime divisors in u1 ? ? ? un,
m1, . . . , mn must be pairwise relatively prime. Furthermore, except
for a possible j with lj . 1, li 5 1, i ? j, 1 # i # n. That is, except for
dj 5 2tmj (t . 0) for some j, di 5 2mi, i ? j, 1 # i # n. Thus (2) im-
plies (3). The equivalence of (1) and (3) is proved. From Theorem 2, if
I(d1, . . . , dn) 5 1, then N(d1, . . . , dn) 5 qn21 1 (q 2 1)q(n22)/2
h((21)n/2c1 ? ? ? cn), where 2 u n. This completes the proof.
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